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We study the current of Bose particles between two reservoirs connected by a one-dimensional
channel. We analyze the problem from first principles by considering a microscopic model of con-
ductivity in the noninteracting limit. Equations for the transient and the stationary current are
derived analytically. The asymptotic current has a form similar to the Landauer-Büttiker equation
for electronic current in mesoscopic devices.
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I. INTRODUCTION
Recent progress in cold-atom physics witnesses the
emergency of the new field atomtronics [1, 2, 20],
which deals with atom-based setups which are sim-
ilar to crystal-based electronic devices. In particu-
lar, the recent series of experiments at ETH [4, 5]
analyzes a current of fermionic atoms between two
atomic reservoirs connected by a point contact [4], or
even by quasi one-dimentional channels with periodic
structure [5]. To explain their experimental results
in the case of weakly interacting atoms the authors
of [4, 5] appeal to the Landauer-Büttiker (LB) theory
[6], which has been proved to be very successful in de-
scribing ballistic transport of electrons in mesoscopic
solid-state devices.
According to the LB approach [6] the electron cur-
rent j is given by the equation
j =
∑
n
∫
f(E)|tn(E)|2dE . (1)
Here n labels the transmission channels, tn(E) is
the transmission amplitude at the energy E of each
channel, and the function f(E) is determined by
the chemical potentials of the left and right reser-
voir through the Fermi-Dirac distribution fFD(E)
as f(E) ∼ fFD(E − µL) − fFD(E − µR). It was
demonstrated in the ETH experiments that Eq. (1)
describes reasonably well the current of weakly inter-
acting fermionic atoms in engineered optical poten-
tials. A unique property of atomtronic devices is that
they may use Fermi as well as Bose atoms. This rises
the question about an analogue of the LB equation
for bosonic transport [7]. To obtain such an analogue
for particle transport is the main goal of this paper.
II. MICROSCOPIC MODEL
In what follows we illustrate the derivation of the
bosonic LB equation by considering a simple micro-
scopic model that is a modification of the model in-
troduced in Ref. [8]. It consists of two reservoirs of
Bose particles connected by the transport channel,
see Fig. 1(upper panel). The reservoirs are described
by the Bose-Hubbard Hamiltonians Ĥb,
Ĥb =
W
2
M∑
m=1
nˆm(nˆm−1)− J2
M−1∑
m=1
(
bˆ†m+1bˆm + h.c.
)
,
(2)
where W 6= 0 is the interaction constant and we im-
plicitly assume the thermodynamic limit with a fixed
filling factor n¯ = N/M . The reservoirs are connected
to the transport channel described by the Hamilto-
nian Ĥs,
Ĥs =− J2
L−1∑
l=1
(
aˆ†l+1aˆl + h.c.
)
+
L∑
l=1
(
Elnˆl +
U
2 nˆl(nˆl − 1)
)
, (3)
where the on-site energies El correspond to a scatter-
ing potential. Finally, the channel is coupled to the
left reservoir by the Hamiltonian Ĥint
Ĥint = ε
(
bˆM aˆ
†
1 + h.c.
)
, (4)
where the hopping matrix element ε plays the role
of the coupling constant. The coupling Hamilto-
nian to the right reservoir (which is described by
its own Bose-Hubbard Hamiltonian) has the form
Ĥint = ε(aˆLbˆ†1 + h.c.).
To avoid a possible confusion we stress that, in
spite of using different notations for the creation and
annihilation operators for Bose particles in the trans-
port channel and reservoirs, the total Hamiltonian
describes a system of indistinguishable particles. The
main assumption of the model is that the interaction
constants W and U in the Hamiltonians (2) and (3)
can be varied independently, where we will mainly
focus on the case U = 0 but W 6= 0. The advantage
of using the interacting Bose-Hubbard model (2) as a
bath is that it is generally a quantum chaotic system
with universal properties of the energy spectrum and
eigenstates [9, 10]. These properties help us to justify
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Figure 1: Schematic representation of the microscopic
model (upper panel) from which the effective dissipative
Bose-Hubbard chain description is derived with gain and
loss at sites 1 and L (bottom panel).
the master equation that will be derived below. The
advantage of considering a non-interacting channel is
that the obtained master equation can be solved an-
alytically without any further approximations.
III. MASTER EQUATION
The first step is to derive the master equation for
the reduced density matrix describing the carriers
in the transport channel, ρs(t) = Trb[ρtot(t)], where
Trb[. . .] denotes the partial trace over the bath vari-
ables. A master equation in Lindblad form can be ob-
tained for ρs(t) within the so-called Born-Markov ap-
proximation [11]. This approximation assumes that
(i) the total density matrix factorizes into the ten-
sor product of the reduced density matrices for all
times, ρtot(t) = ρb(t) ⊗ ρs(t), (here for simplicity
we temporally discuss the case of a single bath) and
that (ii) bath degrees of freedom are δ-correlated, i.e.,
Trb[bˆ(t)bˆ†(t′)ρb(t = 0)] ∼ δ (t− t′). We mention,
in passing, that the former approximation is actu-
ally never satisfied because the coupling Hamiltonian
entangles the particles in the channel and the bath.
However, one can justify a weaker approximation [12],
Trb[F (bˆ, bˆ†)ρtot(t)] = Trb[F (bˆ, bˆ†)ρb(t)]ρs(t), which is
sufficient to eliminate the bath (F (., .) is an arbi-
trary operator-valued function of the bath variables).
The required property behind the previous equation
is a quantum counterpart of the mixing property of
classically chaotic systems and the interacting Bose-
Hubbard model possesses this property [9].
Using the explicit form of the coupling Hamilto-
nian (4), the result is a Lindblad master equation
for the reduced density matrix of the channel, see,
e.g., [13]. This provides an effective model for the re-
duced dynamics in the channel, as sketched in Fig. 1
(bottom panel). The channel is now a dissipative
Bose-Hubbard chain subject to single-particle loss
processes at rates γ1,L as well as incoherent pump-
ing at the same rates around the populations n¯1,L at
both ends, labelled 1 and L, respectively. Explicitly
we have
∂tρˆs =− i
[
Ĥs, ρˆs
]
+
∑
j=1,L
γj
(
n¯jD[aˆ†j ]ρˆs + (n¯j + 1)D[aˆj ]ρˆs
)
(5)
where the dissipator is defined as D[aˆ]ρˆs = aˆρˆsaˆ† −
1/2{aˆ†aˆ, ρˆs}. In terms of the microscopic model of
Eqs. (2-4), the parameters n¯1 and n¯L are given by
the filling factor of the Bose-Hubbard reservoirs and
the parameters γ1,L are proportional to the square of
the lead-channel coupling constant, γ1,L ∼ ε2. Notice
that, besides the particle exchange between the sys-
tem and the bath, the relaxation terms in Eq. (5) are
responsible for decoherence processes as well. The
latter is a consequence of the mentioned system-bath
entanglement.
With respect to the microscopic model Eqs. (2-
4), the validity of the master Eq. (5) was tested
in ref. [8]. It was found that it is well justified in
the high-temperature limit, where the overwhelm-
ing majority of bath states are chaotic. However, it
may give wrong results in the low-temperature limit,
where most of the populated bath states (includ-
ing the ground state) are regular states. The high-
temperature limit (which we shall assume from now
on) implies that all Bloch states for a particle in the
bath are equally populated. Thus a particle coming
into the channel may have an arbitrary quasimomen-
tum. Let us also mention that the master Eq. (5)
is used as the starting point in many papers on con-
ductivity with bosonic and fermionic carriers [14–16],
where in the latter case the bosonic annihilation and
creation operator should be substituted by fermionic
ones.
IV. SINGLE-PARTICLE DENSITY MATRIX
The reduced density matrix ρs(t) entering the mas-
ter Eq. (5) carries the whole information about the
atoms in the transport channel but has a huge dimen-
sion which grows exponentially with L. Fortunately,
for many purposes, it suffices to know only the single-
particle density matrix (SPDM), which has the fixed
dimension L× L and is defined as
σlm(t) = Tr[ρˆs(t)aˆ†l aˆm] ≡ 〈aˆ†l (t)aˆm(t)〉 . (6)
The SPDM is easily shown to satisfy the following set
of equations of motion
∂tσlm = i(El − Em)σlm
+ iJ2 (σl,m+1 + σl,m−1 − σl+1,m − σl−1,m)
− iU(〈aˆ†l aˆmaˆ†maˆm〉 − 〈aˆ†l aˆlaˆ†l aˆm〉)
−
∑
j=1,L
γj
2 (δl,j + δm,j)(σlm − δl,mn¯j) . (7)
These equations can be put into a closed form using
an appropriate truncation scheme such as mean field
or the beyond-mean-field Bogoliubov back-reaction
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Figure 2: Asymptotic relaxation time τr vs. L for n¯1 =
0.02, n¯L = 0, and various ratios γ/J as shown in the
legend. The dashed line shows a fit approximately cubic
in L.
method [14, 17]. Fortunately, in the case of non-
interacting bosons (U = 0), considered throughout
this paper, the equations are already in closed form.
This holds for any master equation with Hamiltonian
terms and Lindblad operators at most quadratic on
the creation and annihilation operators [11].
A. Transient dynamics of the SPDM
We are interested in the current across the chain.
By building a vector ~σ out of the SPDM’s matrix
elements, Eq. (7) can be rewritten in the form
∂t~σ(t) = A~σ(t) +~b , (8)
with A a diagonally dominant complex symmetric
matrix. The general solution of such a system is
~σ(t) = eAt~σ(0) + A−1(1− eAt)~b , (9)
which can be explicitly obtained for a few-site chain,
for example the two-site system, see appendix A for
a detailed discussion of this case. However, explicit
expressions get more involved for larger systems, for
which numerical diagonalization can be efficiently
used. This is the reason why we will now study the
limit of the stationary current. Indeed, it follows from
Eq. (9) that, independent of the initial condition, the
SPDM σl,m(t) relaxes to some stationary matrix σ¯l,m.
Relaxation towards this steady state occurs on a time
scale of the order of the asymptotic relaxation time,
defined as τr = inf`({|λ`|})−1, where {λ`} denotes
the set of eigenvalues of the matrix A of Eq. (8). We
find that the relaxation time τr increases with the
chain length L. This rises the question of its asymp-
totic scaling. Fig. 2 shows that τr scales with the
number of sites L as an approximate cubic power law,
as predicted in ref. [18] for boundary dissipation.
To analyze the regime of stationary currents, we
first consider the case of identical on-site energies El,
where the transmission probability is unity. In this
case the SPDM relaxes to a tridiagonal matrix σ¯l,m
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Figure 3: Absolute values of the steady state SPDM for
L = 21, n¯1 = 0.02, n¯L = 0, γ/J = 2 and either F/J = 0
(upper panels) or F/J = 0.5 (bottom panels) for the V1
scattering potential. Exact numerical results (left) are
to be compared to the LB ones (right), computed from
Eq. 16.
shown in Fig. 3(a). This matrix is uniquely charac-
terized by four quantities: the value of its diagonal
elements A (except for the first and last sites), the
value of its off-diagonal elements ±iB, and σ¯1,1 = C
and σ¯L,L = D. To simplify the equations we shall re-
strict ourselves to the parameter region γ1 = γL ≡ γ.
Setting the left-hand-side of Eq. (7) to zero for U = 0,
we obtain the following system of algebraic equations
for the unknown matrix parameters
γC + JB = γn¯1 , (10)
γB − JC + JA = 0 , (11)
γB − JA+ JD = 0 , (12)
γD − JB = γn¯L , (13)
which gives
A = C +D2 =
n¯1 + n¯L
2 , (14)
and
B = Jγ
γ2 + J2
n¯1 − n¯L
2 . (15)
Keeping in mind the matrix of the current opera-
tor, jj,m = j0(δl,m+1 − δl+1,m)/2i, we conclude that
Eq. (15) determines the stationary current in the
channel as j = j0B, where j0 = Jd/~, with d be-
ing the lattice period which we set to unity from now
on. As expected, j it is proportional to the popu-
lation difference n¯1 − n¯L between the two reservoirs
and to the relaxation rate γ, provided that γ  J . It
follows from Eq. (14) that the mean number of carries
in the lead is 〈N〉 = (n¯1 + n¯L)L/2. This information
may be relevant for a numerical simulation of the sys-
tem dynamics using approximate, e.g., Hilbert-space
truncation methods.
4Next we analyze the case of a non-vanishing scat-
tering potential. As an example, we consider the
potential V1 corresponding to a point-like scatter
El = Fδl,L/2. Fig. 3(c) presents the stationary den-
sity matrix for F = 0.5J . As expected, the diagonal
elements σ¯l,l now show a jump at the scatterer’s posi-
tion. Yet, the nearest elements to the main diagonal,
which determine the current in the system, have con-
stant value, which is a consequence of the continuity
equation. We notice non-negligible anti-diagonal ma-
trix elements, which reflect strong spatial correlations
between the transmitted and reflected particles. The
analytical expressions for the SPDM from Fig. 3 (c),
which is now uniquely characterized by eight quanti-
ties, are given in appendix B.
For a more complicated scattering potential, for ex-
ample the potential V2 defined by El = F (δl,L/2−1 +
δl,L/2+1), where one meets the phenomenon of reso-
nant scattering, the stationary density matrix has an
even more involved structure which is hard to repro-
duce by means of an algebraic approach. However, we
can fairly well reproduce this structure by employing
the LB approach [6] in the next section.
B. Landauer-Büttiker approach
It is instructive to discuss the result depicted
in Fig. 3(a) in terms of the Bloch waves |κ〉 ∼∑
l exp(iκl)|l〉, where we formally consider the limit
L → ∞ and, hence, the quasimomentum κ is a con-
tinuous quantity. This limit eliminates the bound-
ary effects and the stationary matrix σ¯l,m is approx-
imated by the average matrix ¯ˆσ,
¯ˆσ =
∫ pi
−pi
|κ〉〈κ|f(κ)dκ2pi , (16)
where
f(κ) = A+ 2B sin(κ) . (17)
Remarkably, the case of a non-vanishing scattering
potential is reproduced by substituting in Eq.(16) the
Bloch wave |κ〉 by the scattered Bloch waves |κ′〉:
〈l|κ′〉 ∼
{
exp(iκl) + r(κ) exp(−iκl) , l < L/2
t(κ) exp(iκl) , l > L/2 .(18)
Fig. 3 compares the exact steady-state SPDM (left
panels) with those obtained from Eq. (16) (right pan-
els) for the scattering potentials V1 with F = 0 (upper
panels) and F = J/2 (bottom panels). It is seen that
Eqs. (16)-(18) well approximate the exact SPDM.
Weak deviations from the exact result are mainly due
to the fact that the LB approach (which is essentially
a scattering theory) neglects the dehoherence induced
by the (non-perfectly absorbing) reservoirs.
The observed agreement suggests the following
equation for the stationary current,
j = j0
∫ pi
−pi
sin(κ)f(κ)|t(κ)|2 dκ2pi , (19)
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Figure 4: Squared modulus of the transmission coeffi-
cient corresponding to the scattering potentials V1 (upper
left) and V2 (upper right) as a function of F/J and the
quasimomentum κ. (Bottom panel) Steady state currents
across a L = 20 chain for both potentials and n¯1 = 0.02,
n¯L = 0, γ/J = 2. Results predicted by Eq. (19) (solid
lines) are compared to exact numerical simulations (sym-
bols).
which follows from Eqs. (16)-(18). In principle, the
integration over quasimomentum in Eq. (19) can be
substituted by an integration over the energy with
dE = J sin(κ)dκ. Then Eq. (19) takes the same form
as the celebrated LB Eq. (1) used to describe particle
[6] and heat transport [19]. The usage of quasimo-
mentum, however, has the advantage that we obtain
not only the current but also reproduce the SPDM.
The lower panel of Fig. 4 shows the stationary current
across the chain as a function of F/J obtained from
the analytical expression (19) (solid lines), as com-
pared to numerical results based on simulations of
the reduced density matrix (symbols) for both above-
defined potentials V1 and V2. The squared modulus
of the associated transmission coefficients are plotted
respectively in the top left and top right panels, as a
function of the impurity energy shift F for any quasi-
momentum κ. The agreement of the result based on
the LB approach with the exact data is very good.
V. CONCLUSIONS
We studied the stationary current of Bose par-
ticles between two reservoirs connected by a one-
dimensional transport channel. We analyzed the
problem from first principles, i.e., without using un-
controlled assumptions. The obtained equation for
the stationary current has the same structure as the
fermionic LB equation and involves an integration
over the energy/quasimomentum of the transmission
probability for the carriers weighted by some func-
tion f(κ). Similar to the fermionic case, this weight
function is determined by the chemical potentials of
the reservoirs. Additionally, f(κ) was found to de-
5Figure 5: Schematic representation of the open noninter-
acting double-well.
pend on the relaxation constant γ, whose value is
determined by the coupling constant ε as γ ∼ ε2.
This result goes beyond the common LB approach
because it explicitly takes into account a particular
form of coupling between the lead and reservoirs. It
should also be mentioned that the obtained Eq. (19)
requires infinite temperature of the reservoirs – the
assumption we need to justify the master Eq. (5). It
is an open problem to obtain the bosonic LB equa-
tion for a finite temperature where the Markovian
approximation may be not justified and, hence, the
equation on the reduced density matrix may include
non-Markovian terms.
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Appendix A: Transient dynamics of an
incoherently pumped double-well
For U = 0 and Lindblad operators such as Lˆ` = aˆ`
(loss), Lˆ` = aˆ†` (gain) or Lˆ` = nˆ` (phase noise), the
single-particle density matrix’s (SPDM) equation of
motion [14], Eq. (7), is linear and can thus always be
solved by diagonalization. By building a vector ~σ out
of the SPDM’s elements, the equation of motion can
be rewritten in the form
∂t~σ(t) = A~σ(t) +~b , (A1)
with A a diagonally dominant complex symmetric
matrix. The general solution of such a system is
~σ(t) = eAt~σ(0) + A−1(1− eAt)~b , (A2)
which can be explicitly obtained for a few-site
chain. For a time-dependent source term ~b(t),
the last term is to be changed into the convolu-
tion
∫ t
0 dt
′eA(t−t
′)~b(t′), which incidentally becomes
in the steady state limit a linear superposition
of the Laplace transforms of the time-dependent
sources. Therefore, everything amounts to calculat-
ing U(t) def= exp(At) = TeΛtT−1.
Let us consider the incoherently pumped double-
well depicted in Fig. (5). It is described by the fol-
lowing Lindblad master equation [14]:
∂tρˆ =− i[Hˆ, ρˆ] +
∑
j=1,2
γspj D[aˆj ]ρˆ
+
∑
j=1,2
γj
(
n¯jD[aˆ†j ]ρˆ+ (n¯j + 1)D[aˆj ]ρˆ
)
(A3)
Hˆ =− J2 (aˆ
†
1aˆ2 + aˆ
†
2aˆ1) (A4)
where J denotes the hopping amplitude, γj is the
incoherent gain-loss process rate at site j, and γspj
accounts for a possible supplementary single-particle
loss rate at site j, modelling engineered loss locally at
a site [20], for instance. The dissipator superoperator
is defined as D[Lˆ]ρˆ = LˆρˆLˆ† − 1/2{Lˆ†Lˆ, ρˆ}.
By defining ~σt def= (σ11, σ12, σ21, σ22), Γ`
def= 2(γ` +
γsp` )/J , Γ¯
def= (Γ1 + Γ2)/2 and ∆Γ
def= (Γ2 − Γ1)/2, one
gets:
A = J

−Γ1 i/2 −i/2 0
i/2 −Γ¯ 0 −i/2
−i/2 0 −Γ¯ +i/2
0 −i/2 i/2 −Γ2
 , ~b =
n¯1γ100
n¯2γ2
 ,
(A5)
Sp(A/J) = {− Γ¯2 − y,− Γ¯2 + y,− Γ¯2 ,− Γ¯2 } , (A6)
where y def=
√
∆Γ2/4− 1.
A can be diagonalised as A = TΛT−1, where:
T =

1 1 1 0
− i2 (y+∆Γ)
i
2 (y−∆Γ) 0 1
i
2 (y+∆Γ) −
i
2 (y−∆Γ) i∆Γ 1
∆Γ(y−∆Γ)
2 −1 1−
∆Γ(y−∆Γ)
2 1 0
 , (A7)
T−1 = 1y2

−∆Γ(y−∆Γ)2 −1
i
2 (y−∆Γ) −
i
2 (y−∆Γ) 1
∆Γ(y+∆Γ)
2 −1 −
i
2 (y+∆Γ)
i
2 (y+∆Γ) 1
−2 i∆Γ −i∆Γ −2
i∆Γ (∆Γ2−2) −2 i∆Γ

(A8)
and Λ = diag({−Γ¯− y,−Γ¯ + y,−Γ¯,−Γ¯})
Finally, the analytical expression for the symmetric
U(t) reads:
U = e−Γ¯Jty2
a− ib+ −ib+ c. 4y2 − c c −ib−. . 4y2 − c ib−
. . . a+
 (A9)
where
a± =− 2 + (∆Γ2 − 2) cosh(Jyt)
±∆Γy sinh(Jyt) (A10)
b± =±∆Γ(1− cosh(Jyt)) + y sinh(Jyt) (A11)
c =− 2 + 2 cosh(Jyt) (A12)
From this matrix and its time integral, one gets the
following expressions for the populations:
6n1(t) =
ntot(0)
2 e
−Γ¯Jt
{(
4−∆Γ2 cosh(Jyt)
4−∆Γ2 −∆Γ
sinh(Jyt)
y
)
+ ∆n(0)
ntot(0)
(
cosh(Jyt)−∆Γsinh(Jyt)
y
)}
+ f1(t; Γ1,Γ2) · γ1n¯1 + f2(t; Γ1,Γ2) · γ2n¯2 (A13)
n2(t) =
ntot(0)
2 e
−Γ¯Jt
{(
4−∆Γ2 cosh(Jyt)
4−∆Γ2 −∆Γ
sinh(Jyt)
y
)
− ∆n(0)
ntot(0)
(
cosh(Jyt)−∆Γsinh(Jyt)
y
)}
+ f2(t; Γ2,Γ1) · γ1n¯1 + f1(t; Γ2,Γ1) · γ2n¯2 (A14)
j(t) = e−Γ¯Jt
(
∆Γ(1− cosh(Jyt))
y2
ntot(0) +
sinh(yt)
y
∆n(0)
)
+ f3(t; Γ1,Γ2) · γ1n¯1 + f3(t; Γ2,Γ1) · γ2n¯2 ,
(A15)
where
f1(t; Γ1,Γ2) =
Γ2 + 2/Γ¯
Γ1Γ2 + 4
+ e−Γ¯Jt
(
2/Γ¯
y2
− Γ2 + 2Γ¯/y
2
Γ1Γ2 + 4
cosh(Jyt) + Γ2(Γ1 − Γ2) + 2Γ1Γ2 + 4
sinh(Jyt)
y
)
(A16)
f2(t; Γ1,Γ2) =
2/Γ¯
Γ1Γ2 + 4
+ e−Γ¯Jt
(
2/Γ¯
y2
− 2Γ¯/y
2
Γ1Γ2 + 4
cosh(Jyt)− 2Γ1Γ2 + 4
sinh(Jyt)
y
)
(A17)
f3(t; Γ1,Γ2) =
Γ¯−∆Γ
Γ¯(Γ1Γ2 + 4)
+ e−Γ¯Jt(−∆Γ
y2
+ ∆Γ(Γ¯−∆Γ) + 4 cosh(Jyt)
y2(Γ1Γ2 + 4)
− Γ¯−∆ΓΓ1Γ2 + 4
sinh(Jyt)
y
) . (A18)
n1/ntot,0
n2/ntot,0
ntot/ntot,0
n 1
(t)
/n
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Figure 6: Populations of the double well for an initial
imbalance of ∆n(0) = −0.8N0, γsp1 = −γsp2 = −0.2J
(the negative rate γsp1 is equivalent to the gain dissipator
γsp1 D[aˆ†1]ρˆ for the SPDM), γ1 = γ2 = 0.5J , n¯1 = 0.5N0,
n¯2 = 0.2N0.
In the absence of any additional single-body dis-
sipation, the steady state current is maximized for
γ1 = γ2 = J , i.e., the frequency of the oscillations of
the closed double-well. In this case, the steady-state
current is equal to J(n¯1 − n¯2)/2.
The dynamics derived from the above system of
equations is plotted in Figs. (6), (7) (a) and (b).
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Figure 7: Double well with an initial imbalance of
∆n(0) = −0.8N0. γsp1 = γsp2 = 0, n¯1 = 0.5N0,
n¯2 = 0.2N0. (a) Populations of the double well for
γ1 = γ2 = 0.5J . (b) Current from site 2 to site 1,
γ1 = γ2 = γ (see lengend).
Appendix B: Analytical solution for the
steady-state density matrix in the case of a
point-like scatterer
For the sake of simplicity, we shall consider the
case of odd L and shall move the coordinate origin
to l = 0, i.e. −M ≤ l ≤ M , where M ≡ (L − 1)/2.
An example of the the steady-state SPDM for F 6= 0
and L = 21 is given in Fig. 3(c). Formally, this ma-
7trix can be viewed as the sum of a tridiagonal ma-
trix and an anti-tridiagonal matrix. The first ma-
trix is characterized by the quantities C, D, B, and
A1 and A2, where the first three quantities have the
same meaning as in the case F = 0, while A1 and
A2 denote the occupations of the lattice sites before
and after the scatterer, see upper panel of Fig. 8.
The second matrix takes into account correlations
between the transmitted and reflected waves and is
hence anti-diagonal. The matrix elements along the
main anti-diagonal are pure imaginary and, for the
parameters of Fig. 3(c), are exemplified in the lower
panel in Fig. 8. We shall characterize them by the
quantity K ≡ iσ−M,M = −iσM,−M and the quantity
G ≡ −iσl,−l = +iσ−l,l (l 6= ±M). The first up-
per and lower anti-diagonals have pure real elements
with the values ±I, respectively. Notice that if we
sum up these two matrices the four matrix elements
around the origin become complex, σ±1,0 = ∓I ± iB,
σ0,±1 = ∓I ∓ iB.
Let us now obtain algebraic equations for the in-
troduced quantities. First, Eqs. (10-13) in the main
text should be split into two pairs,
γC + JB = γn¯1 , (B1)
γB − JC + JA1 = 0 , (B2)
and
γB − JA2 + JD = 0 , (B3)
γD − JB = γn¯L . (B4)
Similar to the case F = 0 discussed in the main body
of this paper, these equations reflect the matching
conditions at the left and right contacts. Next we
match (yet unknown) solutions of the above equations
at the scatterer. This gives another three equations,
σ0,0 = A1 +A2 , (B5)
JA1 − JA2 − 4FI = 0 , (B6)
JG− 2FB = 0 , (B7)
which contain the amplitude of the scattering poten-
tial F . Finally, we satisfy the matching conditions for
the upper-right and lower-left conners of the density
matrix, which correspond to the decay of the super-
position of the reflected and transmitted waves. We
get
γK − JI = 0 , (B8)
JG− JK − γI = 0 . (B9)
The obtained full set of eight equations can be easily
solved analytically with the following main results:
(i) The current through the channel, which is deter-
mined by the quantity B, is given by
j
j0
≡ B = 1
α+ α−1(2F/J)2
n¯1 − n¯L
2 , (B10)
where
α = γ
J
+ J
γ
. (B11)
Figure 8: Density matrix elements along the main di-
agonal (a) and the imaginary part of matrix elements
along the main anti-diagonal (b), where the real part
is strictly zero except for the central matrix element
σ0,0 = (n¯1 + n¯L)/2. Parameters are L = 21, γ/J = 2,
and F/J = 0.5 (dashed lines) and F/J = 1 (solid lines).
Thus, asymptotically the current decreases as
(J/F )2. This scaling with the energy F of the level of
the scattering site implies how the atomic transport
may be controlled by locally controlling the energy
levels, i.e., by additional electromagnetic potentials
in the experiment [14, 21]. (ii) The population drop
at the scatterer is
A1 −A2 = 8Bα−1(F/J)2 . (B12)
Then, in the limit of large F , the population drop
approaches the population difference n¯1 − n¯L.
[1] A. Micheli, A. J. Daley, D. Jaksch, and P. Zoller, Sin-
gle Atom Transistor in a 1D Optical Lattice, Phys.
Rev. Lett. 93, 140408 (2004); L. Amico, G. Birkl,
M. Boshier, and L.-C. Kwek, Focus on atomtronics-
enabled quantum technologies, New J. Phys. 19,
020201 (2017).
[2] B. T. Seaman, M. Krämer, D. Z. Anderson, and M.
J. Holland, Atomtronics: Ultracold-atom analogs of
electronic devices, Phys. Rev. A 75, 023615 (2007);
S. C. Caliga, C. J. E. Straatsma, A. A. Zozulya, and
D. Z. Anderson, A Matterwave Transistor Oscillator,
arXiv:1208.3109; S. C. Caliga, C. J. E. Straatsma,
and D. Z. Anderson, Transport dynamics of ultra-
cold atoms in a triple-well transistor-like potential,
New J. Phys. 18, 025010 (2016); S. C. Caliga, C.
J. E. Straatsma, A. A. Zozulya, and D. Z. Ander-
8son, Principles of an atomtronic transistor, ibid. 18,
015012 (2016).
[3] S. Eckel, J. G. Lee, F. Jendrzejewski, N. Murray, C.
W. Clark, C. J. Lobb, W. D. Phillips, M. Edwards,
and G. K. Campbell, Hysteresis in a quantized super-
fluid ’atomtronic’ circuit, Nature (London) 506, 200
(2014); R. Labouvie, B. Santra, S. Heun, S. Wim-
berger, and H. Ott, Negative Differential Conductiv-
ity in an Interacting Quantum Gas, Phys. Rev. Lett.
115, 050601 (2015).
[4] J. Brantut, J. Meineke, D. Stadler, S. Krinner, T.
Esslinger, Conduction of Ultracold Fermions Through
a Mesoscopic Channel, Science 337, 1069 (2012);
D. Husmann, S. Uchino, S. Krinner, M. Lebrat, T.
Giamarchi, T. Esslinger, J. P. Brantut, Connecting
strongly correlated superfluids by a quantum point
contact, Science 350, 1498 (2015); S. Krinner, D.
Stadler, D. Husmann, J. P. Brantut, T. Esslinger,
Observation of quantized conductance in neutral mat-
ter, Nature (London) 517, 64 (2015); S. Krinner, T.
Esslinger and J.-P. Brantut, Two-terminal transport
measurements with cold atoms, J. Phys.: Condens.
Matter 29, 343003 (2017).
[5] M. Lebrat, P. Grisins, D. Husmann, S. Häusler,
L. Corman, T. Giamarchi, J.-Ph. Brantut, and T.
Esslinger, Band and correlated insulators of cold
fermions in a mesoscopic lattice, Phys. Rev. X 8,
011053 (2018).
[6] S. Datta, Electronic Transport in Mesoscopic Sys-
tems, Vol. 3 of Cambridge studies in semiconductor
physics and microelectronic engineering, 1 ed. (Cam-
bridge University Press, Cambridge, 1995); D. K.
Ferry and S. M. Goodnick, Transport in Nanostruc-
tures, Vol. 6 of Cambridge studies in semiconductor
physics and microelectronic engineering, 1 ed. (Cam-
bridge University Press, Cambridge, 1997); T. Ihn,
Semiconductor Nanostructures: Quantum states and
electronic transport (Oxford University Press, Ox-
ford, 2010).
[7] D. B. Gutman, Y. Gefen, A. D. Mirlin, Cold bosons in
the Landauer setup, Phys. Rev. B 85, 125102 (2012);
C.-C. Chien, M. Di Ventra, and M. Zwolak, Lan-
dauer, Kubo, and microcanonical approaches to quan-
tum transport and noise: A comparison and impli-
cations for cold-atom dynamics, Phys. Rev. A 90,
023624 (2014).
[8] A. R. Kolovsky, Microscopic models of source and
sink for atomtronics, Phys. Rev. A, 96, 011601(R)
(2017).
[9] A. R. Kolovsky and A.Buchleitner, Quantum chaos
in the Bose-Hubbard model, Europhys. Lett. 68, 632
(2004); A. R. Kolovsky, Bose-Hubbard Hamiltonian:
Quantum chaos approach, Int. J. of Modern Physics
B 30, 1630009 (2016).
[10] H. T. C. Stoof, K. B. Gubbels, D. B. M. Dick-
erscheid, Ultracold Quantum Fields (Springer, New
York, 2009).
[11] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, Oxford,
2002); Lectures of Michael Fleischhauer at the work-
shop Novel Paradigms in Many-Body Physics from
Open Quantum Systems, MPIPKS, Dresden (2018).
[12] A. R. Kolovsky, Number of degrees of freedom for a
thermostat, Phys. Rev. E 50, 3569 (1994).
[13] A. Ivanov, G. Kordas, A. Komnik, and S. Wimberger,
Bosonic transport through a chain of quantum dots,
Eur. Phys. J. B 86, 345 (2013).
[14] G. Kordas, D. Witthaut, P. Buonsante, A. Vezzani,
R. Burioni, A. I. Karanikas, and S. Wimberger, The
dissipative Bose-Hubbard model, Eur. Phys. J.: Spec.
Top. 224, 2127 (2015); G. Kordas, D. Witthaut, S.
Wimberger, Non-equilibrium dynamics in dissipative
Bose-Hubbard chains, Ann. Phys. (Berlin) 527, 619
(2015).
[15] M. Bruderer, W. Belzig, Mesoscopic transport of
fermions through an engineered optical lattice con-
necting two reservoirs, Phys. Rev. A 85, 013623
(2012); C. Nietner, G. Schaller, and T. Brandes,
Transport with ultracold atoms at constant density,
Phys. Rev. A 89, 013605 (2014); T. Prosen, Ex-
act Nonequilibrium Steady State of an Open Hub-
bard Chain, Phys. Rev. Lett. 112, 030603 (2014); D.
P. Simpson, D. M. Gangardt, I. V. Lerner, and P.
Krüger, One-Dimensional Transport of Bosons be-
tween Weakly Linked Reservoirs, Phys. Rev. Lett.
112, 100601 (2014); J. Dujardin, A. Argüelles and
P. Schlagheck, Elastic and inelastic transmission in
guided atom lasers: A truncated Wigner approach,
Phys. Rev. A 91, 033614 (2015); D. J. Papoular,
L. P. Pitaevskii, and S. Stringari, Quantized con-
ductance through the quantum evaporation of bosonic
atoms, Phys. Rev. A 94, 023622 (2016); B. Buca and
T. Prosen, Charge and spin current statistics of the
open Hubbard model with weak coupling to the envi-
ronment, Phys. Rev. E 95, 052141 (2017).
[16] Z. Denis and S. Wimberger, Two-Time Correla-
tion Functions in Dissipative and Interacting Bose-
Hubbard Chains, Condensed Matter 3, 2 (2018).
[17] A. Vardi and J. R. Anglin, Bose-Einstein Conden-
sates beyond Mean Field Theory: Quantum Back-
reaction as Decoherence, Phys. Rev. Lett. 86, 568
(2001); I. Tikhonenkov, J. R. Anglin, and A. Vardi,
Quantum dynamics of Bose-Hubbard Hamiltonians
beyond the Hartree-Fock-Bogoliubov approximation:
The Bogoliubov back-reaction approximation, Phys.
Rev. A 75, 013613 (2007); D. Witthaut, F. Trimborn,
H. Hennig, G. Kordas, T. Geisel, and S. Wimberger,
Beyond mean-field dynamics in open Bose-Hubbard
chains, Phys. Rev. A 83, 063608 (2011).
[18] M. Znidaric, Relaxation times of dissipative many-
body quantum systems, Phys. Rev. E 92, 042143
(2015).
[19] A. Dhar, Heat Conduction in the Disordered Har-
monic Chain Revisited, Phys. Rev. Lett. 86, 5882
(2001); Heat transport in low-dimensional systems,
Adv. Phys. 57, 457 (2008), and refs. therein.
[20] R. Labouvie, B. Santra, S. Heun, S. Wimberger,
and H. Ott, Negative Differential Conductivity in
an Interacting Quantum Gas, Phys. Rev. Lett. 115,
050601 (2015).
[21] C. Weitenberg, M. Enders, J. F. Sherson, M. Ch-
eneau, P. Schauß, T. Fukuhara, I. Bloch, S. Kuhr,
Single-spin addressing in an atomic Mott insulator,
Nature 471, 319 (2011).
